Abstract. Let Ω ⊂ R 3 be a bounded domain. Denote by λ 1 (m) the principal eigenvalue of the Schrödinger operator
We have proved that if m is sufficiently small then the set of solutions of ( * * ) is an absolute retract. The main tool used in [2] were the spectral properties of the operator L m = −∇ 2 − m extended to Sobolev space H 1 0 and in particular the stability property of the principal eigenvalue of the operator L m , m ∈ L 1 . Having this property we were able to renorm L 1 , in such a way that the solution set of ( * * ) is the set fixed of points of certain multivalued contraction and then apply the B-C-F theorem [3] , [6] on properties of the set of fixed points. Transfering of these methods to the case of R n it seems to be possible however it demands thorough study of spectral properties of the operator
In particular, we need to examine the stability properties of the principal eigenvalue of the operator L m in dependence on m ∈ L p with properly chosen p. We should point out that spectral properties of the operator L m are well known, in case m is a sufficiently smooth function. The results, known in the literature, concerning the stability of the principal (or others) eigenvalue of the operator L m seem not to cover our case m ∈ L p . In this paper we deal with L m for
where Ω is bounded domain and m ∈ L 3/2 .
Let Ω ⊂ R 3 be a bounded domain with sufficiently smooth boundary Γ and
(Ω) be a Sobolev space i.e. a completion in the norm
Then H 1 0 can be continuously embedded in L 6 and compactly embedded in L 2 .
The latter means in particular that there exists a constant S such that (1) and the Hölder inequality we have
Consider a quadratic form 
In case, when m = 0 it is known [5] , that there exists a number
and it is the principal eigenvalue of the Laplace operator L 0 u = −∇ 2 u, for u ∈ H 1 0 . Therefore, there exists an eigenfunction u 1 ∈ H 1 0 such that
Moreover, there exists λ 1 (Ω) < λ 2 ≤ λ 3 ≤ . . . , such that lim n→∞ λ n = ∞ and λ 1 , . . . , λ n are consequtive eigenvalues of L 0 . The relation (6) means, in particular, that for arbitrary u ∈ H 1 0 we have
and
We shall show that the operator L m posses analogous properties for m ∈ L 3/2 .
The most methods used are based on the monograph [5] . We begin with
Proof. Let S be a constant such that
Fix ε > 0 and pick N such that
Observe that the function max 0≤i≤N |m i (t)| ∈ L 3/2 and therefore
Applying the Vitali-Hahn-Saks Theorem we conclude that there exists a constant K ε such that on the set
is satisfied the following inequality
for n = 0, 1, . . . To see that (10) holds we have to consider two cases.
and from (a) it can be estimated by
Proof. To obtain (12) put in Proposition 1 ε = 1/2 and K = K 1/2 . Observe that from (12) we have
and thus (13).
To prove (14) observe that from (12) it follows that
and so
Now we divide the last inequlity by H[u] > 0 and this yields (14)
.
such that for all n = 0, 1, . . .
Corollary 2. There exists a constant C such that for arbitrary
Proposition 3. Assume that there exists a function
Then λ 1 and u 1 are, respectively, an eigenvalue and an eigenfunction of L m , i.e. −∇ 2 u 1 ∈ L 6/5 and
. Then taking into account (15) we have, for arbitrary ε ∈ R, an inequality
We shall show that there exists the variation 
for u 1 = 0, and so
Then there exists a function u 1 ∈ K such that for every u ∈ K the following inequality
holds.
Since from (13) 
The latter, in particular, means that
We shall check that u 1 is a required function. Let us notice that
From (21) and (20) we see that
From the definition of λ 1 one can easily see that for arbitrary k, l we have
Thus, from (22), we have lim inf
k,l→∞
Fix ε > 0. Then there exist n 0 such that for k, l ≥ n 0 the following inequalities
hold. Then from (23) and (22) we may see that
But this, taking into account (13) in Proposition 1, means that
Hence {ϕ k } is a sequence Cauchy in H 
Moreover, every λ k , u k is, respectively, an eigenvalue and a corresponding eigenfunction of the operator L m , i.e.
Proof. The closedness of K(k) in H 1 0 follows from a fact that the convergence in H sebsequence. With no loss of generality we may assume that
Analogously, as in Proposition 3, we have, for arbitrary ϕ ∈ L(k),
The latter means that
Therefore there exist constants
Multiplying both sides of (26) by u j ∈ M (k), j = 1, . . . , k−1 and then integrating we get
Now we shall show that the oprator L m has infinitely many eigenvalues. 
Proof. It follows from Proposition 4 that there exist u 1 , λ 1 such that for any ϕ ∈ H 1 0 we have the relations
Let S 1 = span {u 1 }. Proposition 5 guarantees the existence of λ 2 and u 2 ∈ M 2 such that for every ϕ ∈ S
Denote by S 2 = span {u 1 , u 2 }. Continuing inductively this procedure we have the existence of eigenvalues λ 1 ≤ λ 2 ≤ . . . and eigenfunctions of the operator L m and they are orthonormal in L 2 .
We shall observe that λ k → ∞ for k → ∞. Assume to a contrary that there is an A such that
Hence {u k } would be a bounded in H 1 0 sequence, and therefore compact in L 2 . Passing to a subsequence we may require that
But this is impossible since u k and u l are ortonormal in L 2 and
Remark 1. It easy to observe that for {m n } ⊂ L ∞ , n = 0, 1, . . . , and
Proof. To see this let u n be the first eigenfunction corresponding to the eigenvalue λ 1 (m n ) of L mn with u n 2 = 1, n = 0, 1, . . . Then, from Theorem 1, we have
Much more difficult is the case when {m n } ⊂ L 3/2 , n = 0, 1, . . . and m n → m 0 in L 3/2 . The previous way of reasoning demands the boundedness of norms { u n }. Indeed, let u n be the first eigenfunction corresponding to the first eigenvalue λ 1 (m n ) of L mn , n = 0, 1, . . . Then, from Theorem 1, we conclude that
So boundedness of the { u n } is needed. From Proposition 1, see also Corollary 1, it follows that if
then there exists a constant C 0 such that for n = 0, 1, . . . we have
and, for every 0 = u ∈ H 1 0 ,
It means that for all 0 = u ∈ H 1 0 and for all 1 > ε > 0
and equivalently
Denote by .
Thus λ 1 (m n /(1 + ε)) tends to λ 1 (m 0 /(1 + ε)) for every 0 < ε < 1. Therefore, we have proved the following: 
